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1
$0<T<\infty,$ $(0, T)\subset \mathbb{R}$ $\Omega:=(-L, L)\subset \mathbb{R}$





$\{\begin{array}{l}\eta_{t}-\eta_{xx}+g(\eta)+\alpha’(\eta)|D\theta|=0 in Q_{T},\eta_{x}(t, \pm L)=0, t\in(0, T),\eta(0, x)=\eta_{0}(x), x\in\Omega;\end{array}$ (1.1)
$\{\begin{array}{l}\alpha_{0}(\eta)\theta_{t}-(\alpha(\eta)\frac{D\theta}{|D\theta|})_{x}=0 in Q_{T},\alpha(\eta(t, \pm L))\frac{D\theta}{|D\theta|}(t, \pm L)=0, t\in(0, T),\theta(0, x)=\theta_{0}(x), x\in\Omega.\end{array}$ (1.2)







$(t, x)\in Q_{T}\mapsto\eta(t, x)(\cos\theta(t, x), \sin\theta(t, x))$ .
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$\eta=\eta(t, x)$ $\theta=\theta(t, x)$ 2 $\eta$ $\theta$
$\eta$ $0\leq\eta\leq 1$ in $Q_{T}$ $\eta=1$
( ) $\eta=0$





$[ \eta, \theta]\mapsto \mathscr{P}(\eta, \theta):=\frac{1}{2}\int_{\Omega}|\eta_{x}|^{2}dx+\int_{\Omega}\hat{g}(\eta)dx+\int_{\Omega}\alpha(\eta)|D\theta|$ . (13)










( 1) (1.2) (cf. [11, 12,










( ) $(S)_{\nu}$ $(S)_{\nu}$
:
$[ \eta, \theta]\mapsto \mathscr{P}_{\nu}(\eta, \theta):=\mathscr{P}(\eta, \theta)+\frac{\nu}{2}\int_{\Omega}|\theta_{x}|^{2}dx$ . (14)
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(S) $(S)_{\nu}$ $\nu\searrow 0$
$(S)_{\nu}$ Kobayashi-
Warren-Carter [19, 20] Ito-Kenmochi-Yamazaki [13, 14, 15]
Kenmochi-Yamazaki [17]
( 1)-( 2)





(Part I) $(S)_{\nu}$ (S)
$\{[\eta_{\nu}, \theta_{\nu}]|\nu>0\}$ $\nu\searrow 0$ $[\eta, \theta]$ ( )
(Part II) (S) $[\eta, \theta]$ (S)
( )
3
(Part I) 4 (Part II)
5
2
Banach $X$ $X$ $|\cdot|_{X}$
$X$ Hilbert $X$ $(\cdot,$ $\cdot)_{X}$
$C:=C(\Omega),$ $C_{c}:=C_{c}(\Omega),$ $C_{0}:=C_{0}(\Omega)(=\overline{C_{c}(\Omega)}^{C(\overline{\Omega})})$ ,
$\{\begin{array}{l}C^{m}:=C^{m}(\Omega), C_{c}^{m}:=C^{m}\cap C_{c},If :=L^{p}(\Omega), W^{m,p}:=W^{m,p}(\Omega), W_{0}^{m,p}:=W_{0}^{m,p}(\Omega),H^{m}:=H^{m}(\Omega)(=W^{m,2}(\Omega)), H_{0}^{m}:=H_{0^{m}}(\Omega)(=W_{0}^{m,2}(\Omega)),\end{array}$
$1\leq\forall_{P}\leq\infty,$ $\forall m\in NU\{\infty\}$ .
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$H^{1}$ $(H^{1})^{*}$ $\langle\cdot,$ $\cdot\rangle_{*}$ $F$ : $H^{1}arrow(H^{1})^{*}$
:
$\{Fw,$ $v\rangle_{*}:=(w, v)_{H^{1}}=(w, v)_{L^{2}}+(w_{x}, v_{x})_{L^{2}}$ , $\forall v,$ $\forall w\in H^{1}$ . (2.1)
$d\in N$ Lebesgue $\mathscr{Z}^{d}$
‘ $a.e.$”, “$dt$”, ‘ $dx’$‘ 1 Lebesgue $\mathscr{Z}^{1}$
$U\subset \mathbb{R}^{d}$ $U$ Radon $\mathcal{M}(U)$
$\mathcal{M}(U)$ Banach $C_{0}(U)(=\overline{C_{c}(U)}^{C(\overline{U})})$
$\mathcal{M}=\mathcal{M}(\Omega)(=\mathcal{M}(-L, L))$
$B$ (cf. [1, 6, 9, 10]) $d\in N$ $U\subset \mathbb{R}^{d}$
$v\in L^{1}(U)$ $Dv$ $\Omega$ Radon
$Dv\in \mathcal{M}(U)^{d}$ $v$ $U$
BV-
$U\subset \mathbb{R}^{d}$ $BV(U)$
$BV$ $:=BV(\Omega)(=BV(-L, L))$ $v\in BV(U)$ Radon
$Dv$ $v$ (variation measure) $v\in BV(U)$
$Dv$ $|Dv|$ $v$ (total variation measure)
:
$|Dv|(U)= \sup\{\int_{U}vdiv\varphi dx|\varphi\in C_{c}^{1}(U)$ , $|\varphi|\leq 1$ $on$ $U\}$ .
$BV(U)$ Banach :
$|v|_{BV(U)}:=|v|_{L^{1}(U)}+|Dv|(U),$ $\forall v\in BV(U)$ .
$U$ Lipschitz $BV(U)$ $L^{d/(d-1)}(U)$
$1\leq p<d/(d-1)$ $I\nearrow(U)$
(cf. [1, Corollary 3.49], or [6, Thorems 10.1.3-10.1.4]). $U=\Omega$
$(=(-L, L))$ $BV$ $L^{\infty}$
$1\leq p<\infty$ $U$ $v\in BV$
$L\leq r<P\leq L$ :
$v( \ell-O)=\lim_{x\nearrow p}v(x)$ , $v(r+ O)=\lim_{x\backslash r}v(x)$ ;
(cf, [1, Theorem 3.28]). 1 BV- $v\in BV$
$\mathbb{R}$ $v^{ex}\in L^{\infty}(\mathbb{R})$ :
$v^{ex}(x):=\{\begin{array}{l}v(x), if x\in\Omega=(-L, L),v(L-O), if x\geq L, a.e. x\in \mathbb{R}.v(-L+O), if x\leq-L,\end{array}$ (2.2)
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(cf. [1, Theorem 3.40], [6, Theorem 10.3.3], [9, Section 5.5], or
[10, 1.23 Theorem] $)$ :
$\int_{\Omega}|Dv|=\int_{\mathbb{R}}|Dv^{ex}|$ , $\forall v\in BV$
$\beta\in C(\mathbb{R})$ $w\in C(\overline{\Omega})$ $L^{2}$
$\Phi_{\beta}(w;\cdot)$ :
$v\in L^{2}\mapsto\Phi_{\beta}(w;v):=\{\begin{array}{l}\int_{\Omega}\beta(w)|Dv|, if v\in BV,\infty, otherwise.\end{array}$
$L^{2}$
$\Phi_{\beta}(w;\cdot)$ $\partial\Phi_{\beta}(w;\cdot)$




$[w, v]\in L^{2}\cross L^{2}\mapsto \mathscr{P}(w, v):=\{\begin{array}{l}\frac{1}{2}\int_{\Omega}|w_{x}|^{2}dx+\int_{\Omega}\hat{g}(w)dx+\Phi_{\alpha}(w;v),if [w, v]\in H^{1}\cross BV,\infty, otherwise.\end{array}$
5
(Al) (1. 1) $g=g(\eta)$ $\mathbb{R}$ Lipschitz :
$g\leq 0$ on $(-\infty, 0]$ , $g\geq 0$ on [1, $\infty)$ ;
$g$ $\hat{g}$
(A2) (1.2) $\theta_{t}$ $\alpha_{0}=\alpha_{0}(\eta)$ $\mathbb{R}$ Lipschitz
(A3) (12) $\alpha=\alpha(\eta)$ $\mathbb{R}$ $C^{1}$-
$\alpha’(0)=0$
(A4) $\delta_{\alpha}>0$ :
$\alpha_{0}(\tau)\geq\delta_{\alpha}$ , $\alpha(\tau)\geq\delta_{\alpha}$ , $\forall\tau\in \mathbb{R}$ .
(A5) $[\eta_{0}, \theta_{0}]$ $D_{0}\subset H^{1}\cross BV$ :
$D_{0}:=\{[w, v]\in H^{1}\cross BV|0\leq w\leq 1$ on $\overline{\Omega}\}\subset C(\overline{\Omega})\cross L^{\infty}$ .
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22( ) [19, 20] $g$ ,
$\alpha_{0},$ $\alpha$ :
$g( \tau)=\tau-1,\hat{g}(\tau):=\frac{1}{2}(\tau-1)^{2},$ $\alpha_{0}(\tau)=\alpha(\tau)=\tau^{2}+\delta_{\alpha},$ $\forall\tau\in \mathbb{R}$ .
(S)
2.1 ( ) $[\eta, \theta]\in L^{2}(0, T;L^{2})\cross L^{2}(0, T;L^{2})$ 3
$[\eta, \theta]$ (S)
(Sl) $\eta\in W^{1,2}(0, T;L^{2})\cap L^{\infty}(0, T;H^{1})\subset C(\overline{Q_{T}}),$ $0\leq\eta\leq 1$ on $\overline{Q_{T}}$ ;
$\theta\in W^{1,2}(0, T;L^{2}),$ $|D\theta(\cdot)|(\Omega)\in L^{\infty}(0, T),$ $\alpha’(\eta)|D\theta|\in L^{2}(0, T;(H^{1})^{*})$ .
(S2) $\eta$ $(H^{1})^{*}$ :
$\{\begin{array}{l}\eta_{t}(t)+F\eta(t)-\eta(t)+g(\eta(t))+\alpha’(\eta(t))|D\theta(t)|=0 in (H^{1})^{*}, t\in(0, T),\eta(0)=\eta_{0} in (H^{1})^{*}.\end{array}$ (2.3)
$\eta$ :
$\{\begin{array}{l}(\eta_{t}(t)+g(\eta(t)), w)_{L^{2}}+(\eta_{x}(t), z_{x})_{L^{2}}+\int_{\Omega}w\alpha’(\eta(t))|D\theta(t)|=0,\forall w\in H^{1}, a.e. t\in(0, T),\eta(0)=\eta_{0} in L^{2}.\end{array}$
(S3) $\theta$ $L^{2}$ :
$\{\begin{array}{l}\alpha_{0}(\eta(t))\theta_{t}(t)+\partial\Phi_{\alpha}(\eta(t);\theta(t))\ni O in L^{2}, t\in(0, T),\theta(0)=\theta_{0} in L^{2}.\end{array}$ (2.4)
$\theta$ :
$\{\begin{array}{l}(\alpha_{0}(\eta(t))\theta_{t}(t), \theta(t)-z)_{L^{2}}+\Phi_{\alpha}(\eta(t);\theta(t))\leq\Phi_{\alpha}(\eta(t);z),\forall z\in BV, a.e. t\in(0, T),\theta(0)=\theta_{0} in L^{2}.\end{array}$
23( ) (Sl) $\eta\in C(\overline{Q_{T}})$
$\Omega$ 1 ( 1)
(Sl)$-(S2)$ a.e.











$(S)_{\nu},$ $\nu>0$ , (S)
$(S)_{\nu}$
Laplacian $D_{N}\subset L^{2}$ $D_{N}:=\{z\in H^{2}|z_{x}(\pm L)=0\}$
$\overline{A_{N}}$: $D_{N}\subset L^{2}arrow L^{2}$ :
$v\in D_{N}\mapsto A_{N}v:=-v_{xx}+v\in L^{2}$ . (3.1)
$A_{N}$ $L^{2}\cross L^{2}$ $A_{N}$
$F$ : $H^{1}arrow(H^{1})^{*}$ $D_{N}\subset H^{1}$ $F|_{D_{N}}$
$\nu>0$ $\beta\in C(\mathbb{R})$
$w\in L^{2}$ L2. $\Phi_{\beta,\nu}(w;\cdot)$ :







$\{\begin{array}{l}(\eta_{\nu})_{t}(t)+A_{N}\eta_{\nu}(t)-\eta_{\nu}(t)+g(\eta_{\nu}(t))+\alpha’(\eta_{\nu}(t))|(\theta_{\nu})_{x}(t)|=0 in L^{2}, t\in(0, T),(3.3)\eta_{\nu}(0)=\eta_{0,\nu} in L^{2};\end{array}$
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$\{\begin{array}{l}\alpha_{0}(\eta_{\nu}(t))(\theta_{\nu})_{t}(t)+\partial\Phi_{\alpha,\nu}(\eta_{\nu}(t);\theta_{\nu}(t))\ni O in L^{2}, t\in(0, T),\theta_{\nu}(0)=\theta_{0,\nu} in L^{2}.\end{array}$ (3.4)
$\nu>0$ $(S)_{\nu}$ :
$\{\begin{array}{l}\eta_{\nu}\in W^{1,2}(0, T;L^{2})\cap L^{\infty}(0, T;H^{1})\cap L^{2}(0, T;H^{2})\subset C(\overline{Q_{T}}), 0\leq\eta_{\nu}\leq 1 on \overline{Q_{T}},(3.5)\theta_{\nu}\in W^{1,2}(0, T;L^{2})\cap L^{\infty}(0, T;H^{1})\subset C(\overline{Q_{T}});\end{array}$




$[w, v]\in L^{2}\cross L^{2}\mapsto \mathscr{P}_{\nu}(w, v).=\{\begin{array}{l}\frac{1}{2}\int_{\Omega}|w_{x}|^{2}dx+\int_{\Omega}\hat{g}(w)dx+\Phi_{\alpha,\nu}(w;v),if [w, v]\in H^{1}\cross H^{1},\infty, otherwise.\end{array}$ (3.6)





(Al)$-(A4)$ $[\eta_{0,\nu}, \theta_{0,\nu}]$ ( )
:
$[\eta_{0,\nu}, \theta_{0,\nu}]\in D_{0}\cap(H^{1}\cross H^{1})\subset C(\overline{\Omega})\cross C(\overline{\Omega})$ .
$(S)_{\nu}$ $[\eta_{\nu}, \theta_{\nu}]$ 2 :




$=\mathscr{P}_{\nu}(\eta_{\nu}(s), \theta_{\nu}(s))$ , $\forall s,$ $\forall t\in[0, T]$ .
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3.2 ( Mosco ) $\beta\in C(\mathbb{R})$
:
$\delta_{\beta}>0st$ . $\beta\geq\delta_{\beta}$ on $\mathbb{R}$ .
$w_{0}\in C(\overline{\Omega})$ $\{w_{\nu}|\nu>0\}\subset C(\overline{\Omega})$
:
$w_{\nu}arrow w_{0}$ in $C(\overline{\Omega})$ as $\nu\searrow 0$ . (3.8)
$\nu\searrow 0$ $\{\Phi_{\beta,\nu}(w_{\nu};\cdot)|\nu>0\}$ $\Phi_{\beta}(w_{0};\cdot)$
$L^{2}$ Mosco $\{\Phi_{\beta,\nu}(w_{\nu};\cdot)|\nu>0\}$ 2
(cf. [22]):
(ml) $\{\check{v}_{\nu}|\nu>0\}\subset L^{2},\check{v}_{0}\in L^{2}$ $\check{v}_{\nu}arrow\check{v}_{0}$ weakly in $L^{2}$ as $\nu\searrow 0$
$\lim_{\nu\searrow}\inf_{0}\Phi_{\beta,\nu}(w_{\nu};\check{v}_{\nu})\geq\Phi_{\beta}(w_{0};\check{v}_{0})$ ;
(m2) $\forall\hat{v}_{0}\in D(\Phi_{\beta}(w_{0};\cdot))(=BV)$ , $\exists\{\hat{v}_{\nu}|\nu>0\}\subset H^{1}$ , st. $\hat{v}_{\nu}arrow\hat{v}_{0}$ in $L^{2}$ ,
$\Phi_{\beta,\nu}(w_{\nu};\hat{v}_{\nu})arrow\Phi_{\beta}(w_{0};\hat{v}_{0})$ , as $\nu\searrow 0$ .
2 3. 1-3.2 (Part I)
$[\eta_{0}, \theta_{0}]\in D_{0}$ $\theta_{0}\in BV$ $\{\overline{\theta}_{0,\nu}|\nu>0\}\subset H^{1}$
:
$\overline{\theta}_{0,\nu}arrow\theta_{0}$ $in$ $L^{2}$ , $\Phi_{\alpha,\nu}(\eta_{0};\overline{\theta}_{0,\nu})arrow\Phi_{\alpha}(\eta_{0};\theta_{0})$, as $\nu\searrow 0$ . (3.9)
32 (m2)
$\beta=\alpha$ in $C(\mathbb{R}),$ $w_{\nu}=w_{0}=\eta_{0}$ in $C(\overline{\Omega}),$ $\forall\nu>0,\hat{v}_{0}=\theta_{0}$ in $L^{2}$ ;
(39)
$\mathscr{P}_{\nu}(\eta_{0},\overline{\theta}_{0,\nu})arrow \mathscr{P}(\eta_{0}, \theta_{0})$ as $\nu\searrow 0$ ,
$0<\nu_{0}<1$
$R_{0}$
$:= \sup_{0<\nu\leq\nu_{0}}\mathscr{P}_{\nu}(\eta_{0},\overline{\theta}_{0,\nu})<\infty$ , (3.10)
$[\eta_{0,\nu}, \theta_{0,\nu}]=[\eta_{0},\overline{\theta}_{0,\nu}]$ $(S)_{\nu}$ $\{[\overline{\eta}_{\nu},\overline{\theta}_{\nu}]|\nu>$
$0\}$ $(A1)-(A4),$ $(3.7)$ (3.10) :
$\frac{1}{2}(|(\overline{\eta}_{\nu})_{t}|_{L^{2}(0,T;L^{2})}^{2}+\sup_{0\leq t\leq T}|(\overline{\eta}_{\nu})_{x}(t)|_{L^{2}}^{2})$




$\{\begin{array}{l}\bullet \{\overline{\eta}_{\nu}|0<\nu\leq\nu_{0}\} \text{ } W^{1,2}(0, T;L^{2})\cap L^{\infty}(0, T;H^{1})(\subset C(\overline{Q_{T}}))\text{ } 0\leq\overline{\eta}_{\nu}\leq 1 on \overline{Q_{T}}, 0<\forall\nu\leq\nu_{0} \text{ }\text{ } C(Q_{T}) \text{ };\bullet \{\overline{\theta}_{\nu}|0<\nu\leq\nu_{0}\} \text{ } W^{1,2}(0, T;L^{2})\cap L^{\infty}(O, T;W^{1,1})(\subset L^{\infty}(Q_{T})) \text{ } C([0, T];L^{2}) \text{ }\text{ }\end{array}$ (3.12)
:
$\{\nu_{n}|n=1,2,3, \cdots\}\subset(0, \nu_{0})$ , $\nu_{n}\searrow 0$ as $narrow\infty$ ; (3.13)
$\{[\eta_{n}, \theta_{n}]\}:=\{[\overline{\eta}_{\nu_{n}},\overline{\theta}_{\nu_{n}}]|n=1,2,3, \cdots\}$ $C(\overline{Q_{T}})\cross$
$C([0, T];L^{2})$ $\{[\eta_{n}, \theta_{n}]\}$ $[\eta, \theta]\in C(\overline{Q_{T}})\cross$
$C([0, T];L^{2})$ (3.12) ( )
$[\eta, \theta]$ :
$\{\begin{array}{l}\eta\in W^{1,2}(0, T;L^{2})\cap L^{\infty}(0, T;H^{1})\subset C(\overline{Q_{T}}), 0\leq\eta\leq 1 on \overline{Q_{T}},\theta\in W^{1,2}(0, T;L^{2})\cap L^{\infty}(Q_{T}), |D\theta(\cdot)|(\Omega)\inL^{\infty}(0, T);\end{array}$ (3.14)
$\{[\eta_{n}, \theta_{n}]\}$ :
$\eta_{n}arrow\eta$ in $C(\overline{Q_{T}})$ , weakly in $W^{1,2}(0, T;L^{2})$ , (3.15)
$weakly-*$ in $L^{\infty}(0, T;H^{1})$ ,
$\theta_{n}arrow\theta$ in $C([0, T];L^{2})$ , weakly in $W^{1,2}(0, T;L^{2})$ , (3.16)
$weakly-*$ in $L^{\infty}(Q_{T})$ ,
$F\eta_{n}(=A_{N}\eta_{n})arrow F\eta$ weakly in $L^{2}(0, T;(H^{1})^{*})$ , (3.17)
$\{\begin{array}{l}\eta_{n}(t)arrow\eta(t) weakly in H^{1},\forall t\in[0, T];\theta_{n}(t)arrow\theta(t) weakly-* in BV,\end{array}$ (3.18)
as $narrow\infty$ .
$[\eta, \theta]$ (Part I)
$\blacksquare$
(Part II) (S)
(Part II) (Part I) (3.10) $\nu_{0}\in(0,1)$
$(3.13)-(3.18)$ $\{\nu_{n}\}\subset(0, \nu_{0})$ $\{[\eta_{n}, \theta_{n}]\}\subset C(\overline{Q_{T}})\cross$
$C([0, T];L^{2})$ $[\eta, \theta]\in C(\overline{Q_{T}})\cross C([0, T];L^{2})$
36
(24)
$\{\nu_{n}\}$ , $\{\eta_{n}\}\subset C(\overline{Q_{T}})$ $\eta\in C(\overline{Q_{T}})$
$(3.13)-(3.15)$ $I\subset(O, T)$
$L^{2}(I;L^{2})$ $\hat{\Phi}(\cdot)_{I}$ :
$\zeta\in L^{2}(I;L^{2})\mapsto\hat{\Phi}(\zeta)_{I}:=\{\begin{array}{l}l\Phi_{\alpha}(\eta(t);\zeta(t)) \text{ } if \Phi_{\alpha}(\eta(\cdot);\zeta(\cdot))\in L^{1}(I),\infty, otherwise.\end{array}$ (3.19)
$n\in \mathbb{N}$ $L^{2}(I;L^{2})$ $\hat{\Phi}_{n}(\cdot)_{I}$ :
$\zeta\in L^{2}(I;L^{2})\mapsto\hat{\Phi}_{n}(\zeta)_{I}:=\{\begin{array}{l}l\Phi_{\alpha,\nu_{n}}(\eta_{n}(t);\zeta(t))dt,if \Phi_{\alpha,\nu_{n}}(\eta_{n}(\cdot);\zeta(\cdot))\in L^{1}(I),\infty, otherwise.\end{array}$ (3.20)
3.1 ( $\hat{\Phi}(\cdot)_{I},\hat{\Phi}_{n}(\cdot)_{I}$ ) $I\subset$ $(0, T)$
$\Phi_{\alpha}(\eta(t);0)=\Phi_{\alpha,\nu_{n}}(\eta_{n}(t);0)=0$ , $\forall t\in I$ , $n=1,2,3,$ $\cdots$ .
$\hat{\Phi}(\cdot)_{I},\hat{\Phi}_{n}(\cdot)_{I},$ $n\in \mathbb{N}$ , $L^{2}(I;L^{2})$




33( ) $I\subset(0, T)$ $\xi\in L^{2}(I;L^{2})$ $\xi(t)\in BV$ ,
a $e$ . $t\in I$ 2
(I) $\psi\in C(\overline{I\cross\Omega})$ $t \in I\mapsto\int_{\Omega}\psi(t)|D\xi(t)|\in \mathbb{R}$ $I$
(II) $|D\xi(\cdot)|(\Omega)\in L^{1}(I),$ $\gamma\in C(\overline{I\cross\Omega})$ $C(\overline{I\cross\Omega})$ $[\gamma|D\xi|]$
:
$[\gamma|D\xi|]$ : $\psi\in C(\overline{I\cross\Omega})\mapsto l\int_{\Omega}\psi(t)\gamma(t)|D\xi(t)|dt\in \mathbb{R}$ . (3.21)
$[\gamma|D\xi|]$ $I\cross\Omega$ Radon :
$[\gamma|D\xi|](U)=l\gamma(t)|D\xi(t)|(\{x\in\Omega|(t,$ $x)\in U\})dt$ ,
(3.22)
$\forall U\subset I\cross\Omega$ :
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34( ) $I\subset(O, T)$ $\psi_{\infty}\in C(\overline{I\cross\Omega})$
$\{\psi_{n}|n=1,2,3, \cdots\}\subset C(\overline{I\cross\Omega})$ :
$\psi_{n}arrow\psi_{\infty}$ $in$ $C(\overline{I\cross\Omega})$ as $narrow\infty$ . (3.23)
$\xi_{\infty}\in L^{2}(I;L^{2})$ $\{\xi_{n}|n=1,2,3, \cdots\}\subset L^{2}(I;L^{2})$
:




$\{\begin{array}{l}\bullet |D\xi_{\infty}(\cdot)|(\Omega)\in L^{1}(I), |D\xi_{n}(\cdot)|(\Omega)\inL^{1}(I), n=1,2,3, \cdots,\bullet\bullet\bullet\gamma_{n}arrow\gamma_{\infty}inC(\overline{I\cross\Omega})asnarrow\infty\gamma_{\infty}\geq 0\overline{on\frac{\Omega)}{I\cross\Omega}},\gamma_{n}\geq 0on\overline{I\cross\Omega},n=1,2, 3\gamma_{\infty}\in C(I\cross,\{\gamma_{n}|n=1,2,3,\cdot, \cdot\cdot\}\subset C(\overline{I\cross\Omega}).’. ,\bullet\lim_{narrow}\sup_{\infty}|\gamma_{n}(\cdot)|D\xi_{n}(\cdot)|(\Omega)|_{L^{1}(I)}\leq|\gamma_{\infty}(\cdot)|D\xi_{\infty}(\cdot)|(\Omega)|_{L^{1}(I)};\end{array}$ (3.25)
:
$\lim_{narrow\infty}l\int_{\Omega}\psi_{n}(t)\gamma_{n}(t)|D\xi_{n}(t)|dt=l\int_{\Omega}\psi_{\infty}(t)\gamma_{\infty}(t)|D\xi_{\infty}(t)|dt$.
35( BV- ) $I\subset(0, T)$ $\dot{\zeta}\in L^{2}(I;L^{2})$
$|D\dot{\zeta}(\cdot)|(\Omega)\in L^{1}(I)$ $\dot{\zeta}$
$\{\dot{\psi}_{i}|i=1,2,3, \cdots\}\subset C^{\infty}(\mathbb{R}^{2})$ :
$\{\begin{array}{l}\dot{\psi}_{i}arrow\dot{\zeta} in L^{2}(I;L^{2}),ll_{\Omega}|(\dot{\psi}_{i})_{x}(t)|dxdtarrow l\int_{\Omega}|D\dot{\zeta}(t)|dt,\end{array}$ as $iarrow$ oo; (3.26)
$\dot{\psi}_{i}(t)arrow\dot{\zeta}(t)$ in $L^{2}$ , strictly in $BV$ as $iarrow\infty$ , a.e. $t\in I$ . (3.27)
36 ( $\Gamma$- ) $I\subset(0, T)$ $\hat{\Phi}(\cdot)_{I}$ (3.19)
$L^{2}(I;L^{2})$ $\hat{\Phi}(\cdot)_{I}$ :
$D(\hat{\Phi}(\cdot)_{I})=\{\tilde{\zeta}\in L^{2}(I;L^{2})||D\tilde{\zeta}(\cdot)|(\Omega)\in L^{1}(I)\}$ ; (3.28)
$L^{2}(I;L^{2})$ (3.20)
$\{\hat{\Phi}_{n}(\cdot)_{I}|n=1,2,3, \cdots\}$ $narrow\infty$ $\{\hat{\Phi}_{n}(\cdot)_{I}\}$
$\hat{\Phi}(\cdot)_{I}$ $L^{2}(I;L^{2})$ r- $\{\hat{\Phi}_{n}(\cdot)_{I}\}$ 2
(cf. [8]):
38
$(\gamma 1)\check{\zeta}_{\infty}\in L^{2}(I;L^{2}),$ $\{\check{\zeta}_{n}|n=1,2,3, \cdots\}\subset L^{2}(I;L^{2})$ $\check{\zeta}_{n}arrow\check{\zeta}_{\infty}$ in
$L^{2}(I;L^{2})$ as $narrow\infty$ $\lim_{narrow}\inf\hat{\Phi}_{n}(\check{\zeta}_{n})_{I}\geq\hat{\Phi}(\check{\zeta}_{\infty})_{I;}$
$(\gamma 2)\forall\hat{\zeta}_{\infty}\in D(\hat{\Phi}(\cdot)_{I}),$ $\exists\{\hat{\zeta}_{n}|n=1,2,3, \cdots\}\subset L^{2}(I;H^{1})$ , st. $\hat{\zeta}_{n}arrow\hat{\zeta}_{\infty}$ in $L^{2}(I;L^{2})$ ,
$\hat{\Phi}_{n}(\hat{\zeta}_{n})_{I}arrow\hat{\Phi}(\hat{\zeta}_{\infty})_{I}$ , as $narrow\infty$ .
4 $[\eta, \theta]$ (2.4)
$I\subset(0, T)$ $z\in BV(z\in D(\hat{\Phi}(\cdot)_{I}))$
$z$ $\{\zeta_{n}|n=1,2,3, \cdots\}\subset L^{2}(I;H^{1})$ :
$\zeta_{n}arrow z$ in $L^{2}(I;L^{2}),\hat{\Phi}_{n}(\zeta_{n})_{I}arrow\hat{\Phi}(z)_{I}$, as $narrow\infty$ .
36 $(\gamma 2)$
$\hat{\zeta}_{\infty}(t)=z$ in $L^{2},$ $\forall t\in[0, T]$ ,




a.e. $t\in I,$ $n=1,2,3,$ $\cdots$ .
(3.29) $I$ $(3.13)-(3.18)$
36 $(\gamma 1)$ :
$l(\alpha_{0}(\eta(t))\theta_{t}(t), \theta(t)-z)_{L^{2}}dt+l\Phi_{\alpha}(\eta(t);\theta(t))dt$
$\leq$ $\lim_{narrow\infty}l(\alpha(\eta_{n}(t))(\theta_{n})_{t}(t), \theta_{n}(t)-\zeta_{n}(t))_{L^{2}}$ $+ \lim_{narrow}\inf l\Phi_{\alpha,\nu_{n}}(\eta_{n}(t);\theta_{n}(t))dt$
$\leq$ $\lim_{narrow\infty}\hat{\Phi}_{n}(\zeta_{n})_{I}=\hat{\Phi}(z)_{I}=\int_{I}\Phi_{\alpha}(\eta(t);z)dt$. (3.30)
$I\subset(0, T)$ (3.30) :
$(\alpha_{0}(\eta(t))\theta_{t}(t), \theta(t)-z)_{L^{2}}+\Phi_{\alpha}(\eta(t);\theta(t))\leq\Phi_{\alpha}(\eta(t);z)$ ,
(3.31)
$\forall z\in BV=D(\Phi_{\alpha}(\eta(t);\cdot))$ , a.e. $t\in(O, T)$ ;
(39) (3.16) :
$\theta_{n}(0)=\overline{\theta}_{0,\nu_{n}}arrow\theta(0)=\theta_{0}$ $in$ $L^{2}$ , as $narrow\infty$ . (3.32)




37( ) $I\subset(O, T)$ $\psi_{\infty}\in$
$C(\overline{I\cross\Omega})$ $\{\psi_{n}|n=1,2,3, \cdots\}\subset C(\overline{I\cross\Omega})$ 34
$[\eta, \theta]\in L^{2}(I;L^{2})\cross L^{2}(I;L^{2})$ $\{[\eta_{n}, \theta_{n}]|n=1,2,3, \cdots\}\subset L^{2}(I;L^{2})\cross L^{2}(I;L^{2})$
$(3.14)-(3.18)$
$l \int_{\Omega}\psi_{n}(t)\alpha(\eta_{n}(t))|(\theta_{n})_{x}(t)|dxdtarrow l\int_{\Omega}\psi_{\infty}(t)\alpha(\eta(t))|D\theta(t)|dt$ as $narrow\infty$ . (3.33)
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(Al) (3.15), (3.17) :
$\mu_{n}^{*}:=\alpha’(\eta_{n})|(\theta_{n})_{x}|$ $=$ $-(\eta_{n})_{t}-A_{N}\eta_{n}+\eta_{n}-g(\eta_{n})$
$arrow$ $\mu^{*}:=-\eta_{t}-F\eta+\eta-g(\eta)$ (3.34)
weakly in $L^{2}(I;(H^{1})^{*})$ as $narrow\infty,$ $\forall I\subset(0, T)$ :
$I\subset\Omega$ $\psi\in C(\overline{I\cross\Omega})$ 3.7
:
$\psi_{\infty}=\psi\frac{\alpha’(\eta)}{\alpha(\eta)}$ in $C(\overline{I\cross\Omega}),$ $\psi_{n}=\psi\frac{\alpha’(\eta_{n})}{\alpha(\eta_{n})}$ in $C(\overline{I\cross\Omega}),$ $n=1,2,3,$ $\cdots$ ,
:
$l \int_{\Omega}\psi(t)\mu_{n}^{*}(t)dxdtarrow l\int_{\Omega}\psi(t)\alpha’(\eta(t))|D\theta(t)|dt$ a$s$ $narrow\infty$ ,
(3.35)
$\forall I\subset(0, T)$ : $\forall\psi\in C(\overline{I\cross\Omega})$ .
(3.34)-(3.35) :
$\alpha’(\eta(t))|D\theta(t)|=\mu^{*}(t)=-\eta_{t}(t)-F\eta(t)+\eta(t)-g(\eta(t))$
in $\mathcal{D}’(\Omega)$ (distribution sense), a.e. $t\in(0, T)$ ;
:
$\eta_{n}(0)=\eta(0)=\eta_{0}$ in $H^{1},$ $n=1,2,3,$ $\cdots$ .






[13, Theorem 2.1] [13, Theorem 2.2]
(3.7) [13,
Section 5] [17, Lemma 3.2]




( [27, Section 3] ).
32 (ml) $\{w_{\nu}|\nu>0\}$
(3.8) $\check{v}_{0}\in L^{2}$ $L^{2}$- $\{\check{v}|\nu>0\}\subset L^{2}$
$\lim inf\nu\backslash 0\Phi_{\beta,\nu}(w_{\nu};\check{v}_{\nu})=\infty$
$\{\check{\nu}_{i}|i=1,2,3, \cdots\}\subset(0,1)$ :
$\check{\nu}_{i}\searrow 0$ as $iarrow\infty$ , $\lim_{\nu\backslash }\inf_{0}\Phi_{\beta,\nu}(w_{\nu};\check{v}_{\nu})=\lim_{iarrow\infty}\Phi_{\beta,\check{\nu}_{i}}(w_{\check{\nu}_{i}};\check{v}_{\check{\nu}_{i}})$ .
:







(m2) $\hat{v}_{0}\in D(\Phi_{\beta}(w_{0};\cdot))=BV$ $\{\hat{\varphi}_{i}|i=$
$1,2,3,$ $\cdots\}\subset H^{1}$ :
$\hat{\varphi}_{i}arrow\hat{v}_{0}$ in $L^{2}$ , $\int_{\Omega}|(\hat{\varphi}_{i})_{x}|dxarrow\int_{\Omega}|D\hat{v}_{0}|$, as $iarrow\infty$ .
BV-
(cf. [1, Theorem 3.9], [6, Theorem 10.1.2], [9, Section 5.2.2], [10, 1.17
Theorem], e.t. $c.)$ .
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$i\in N$ $\{\hat{\nu}_{i}|i=1,2,3, \cdots\}\subset(0,1)$
:
$0<\cdots<\hat{\nu}_{i}<\cdots<\hat{\nu}_{1}<1$ , $\hat{\nu}_{i}\searrow 0$ as $iarrow\infty$ ,
$\frac{\nu}{2}\int_{\Omega}|(\hat{\varphi}_{i})_{x}|^{2}d_{X}\leq\frac{1}{i},$ $\forall i\in \mathbb{N},$ $0<\forall\nu\leq\hat{\nu}_{i}$ .
(m2) $\{\hat{v}_{\nu}|\nu>0\}$
:
$\hat{v}_{\nu}:=\{\begin{array}{l}\hat{\varphi}_{i}, if \exists i\in N st. \hat{\nu}_{i+1}<\nu\leq\hat{\nu}_{i},\hat{\varphi}_{1}, if \nu>\hat{\nu}_{1}.\end{array}$
$\{\hat{v}_{\nu}|\nu>0\}$ :
$\{\begin{array}{l}R_{2}:=\sup_{\nu>0}\int_{\Omega}|(\hat{v}_{\nu})_{x}|dx<\infty,\hat{v}_{\nu}arrow\hat{v}_{0} in L^{2}, \int_{\Omega}|(\hat{v}_{\nu})_{x}|dxarrow\int_{\Omega}|D\hat{v}_{0}|, \frac{\nu}{2}\int_{\Omega}|(\hat{v}_{\nu})_{x}|^{2}dxarrow 0, as \nu\searrow 0.\end{array}$ (4.1)
:
$\lim_{\nu\backslash }\inf_{0}\int_{W}|(\hat{v}_{\nu})_{x}|dx\geq\int_{W}|D\hat{v}_{0}|$ , $\forall W\subset\Omega$ : (4.2)




$arrow$ $0$ , as $\nu\searrow 0$ . (4.3)
(4.1), (4.3) (m2) $\blacksquare$
5 (Part II)
(Part II) 5 3.3-3.7
33 (I) $\xi\in L^{2}(I;L^{2})$
$t_{*}:= \inf I,$ $t^{*}$ $:= \sup I$ $I$ :
$\triangle_{m}:=\{t_{i}^{(m)}=t_{*}+ih_{m}|i=0,1,$ $\cdots$ , $2^{m}\}\subset I$ ,
$h_{m}=(t^{*}-t_{*})/2^{m}$ , $m=1,2,3,$ $\cdots$ ;
[7, Proposition 2.16] :
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$\theta\in I\mapsto\lambda_{i}^{(m)}(t)$ $=$ $\int_{\Omega}(\psi^{+}(t_{i}^{(m)})+1)|D\xi(t)|-\int_{\Omega}(\psi^{-}(t_{i}^{(m)})+1)|D\xi(t)|$
$=$ $\int_{\Omega}\psi(t_{i}^{(m)})|D\xi(t)|\in \mathbb{R}$ , $m=1,2,3,$ $\cdots,$ $i=1,$ $\cdots,$ $2^{m}$ ;
$I$ $m\in N$ $\overline{\psi}_{m}$ :
$\overline{I}arrow C(\overline{\Omega})$ :
$t \in\overline{I}\mapsto\overline{\psi}_{m}(t):=\sum_{i=1}^{2^{m}}\chi_{(t_{i-1}^{(m)},t_{i}^{(m)}]}(t)\psi(t_{i}^{(m)})\in C(\overline{\Omega})$ ;
1 Borel $B\subset \mathbb{R}$ $\chi_{B}$ : $\mathbb{R}arrow\{0,1\}$ $B$
:
$t \in I\mapsto\overline{\lambda}_{m}(t):=\sum_{i=1}^{2^{m}}\chi_{(t_{i-1}^{(m)},t_{i}^{(m)}]}(t)\lambda_{i}^{(m)}(t)=\int_{\Omega}\overline{\psi}_{m}(t)|D\xi(t)|\in \mathbb{R}$, $m=1,2,3,$ $\cdots$ ;
$I$ $\psi\in$
$C(\overline{I\cross\Omega})$ :
$\overline{\psi}_{m}(t)arrow\psi(t)$ in $C(\overline{\Omega})$ as $marrow\infty,$ $\forall t\in\overline{I}$ .
Lebesgue :






$\{\overline{\chi}_{i}|i=1,2,3, \cdots\}\subset C_{c}^{\infty}(I\cross\Omega)$ :
$\overline{\chi}_{i}(t, x)\nearrow\chi_{U}(t, x)$ as $iarrow\infty,$ $\forall(t, x)\in I\cross\Omega$ .
Lebesgue :
$t\in I$ $\mapsto$ $\gamma(t)|D\xi(t)|(\{x\in\Omega|(t,$ $x)\in U\})$
$=$ $\int_{\Omega}\chi_{U}(t)\gamma(t)|D\xi(t)|=\lim_{iarrow\infty}\int_{\Omega}\overline{\chi}_{i}(t)\gamma(t)|D\xi(t)|\in \mathbb{R}$ ;
$I$ :
$[\gamma|D\xi|](U)$ $=$ $l_{I\cross\Omega^{\chi_{U}d[\gamma|D\xi|]=\lim_{iarrow\infty}}}l_{\Omega^{\overline{\chi}_{i}d[\gamma|D\xi|]}}$
$=$ $\lim_{iarrow\infty}l\int_{\Omega}\overline{\chi}_{i}(t)\gamma(t)|D\xi(t)|dt=l\gamma(t)|D\xi(t)|(\{x\in\Omega|(t,$ $x)\in U\})dt$ .
(II) $\blacksquare$
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3.4 (cf. [1, Chapter 1]).
(III) (3.23), (3.24) :
$| \int_{\Omega}\varphi\psi_{n}(t)D\xi_{n}(t)-\int_{\Omega}\varphi\psi_{\infty}(t)D\xi_{\infty}(t)|$
$\leq$ $| \varphi|_{C(\overline{\Omega})}|\psi_{n}-\psi_{\infty}|_{C(\overline{Q_{T}})}\sup_{n\in N}|D\xi_{n}(t)|_{\mathcal{M}}+|\int_{\Omega}\varphi\psi_{\infty}(t)D(\xi_{n}-\xi_{\infty})(t)|$
$arrow$ $0$ , as $narrow\infty,$ $\forall\varphi\in C_{0}$ , a.e. $t\in I$ ( $t$ ). (5.1)
[1, Proposition 1.23] $\delta>$
$\{\begin{array}{ll}|\psi_{\infty}(t)D\xi_{\infty}(t)|=|\psi_{\infty}(t)\frac{D\xi_{\infty}(t)}{|D\xi_{\infty}(t)|}||D\xi_{\infty}(t)|=|\psi_{\infty}(t)||D\xi_{\infty}(t)|, |\psi_{n}(t)D\xi_{n}(t)|=|\psi_{n}(t)\frac{D\xi_{n}(t)}{|D\xi_{n}(t)|}||D\xi_{n}(t)|=|\psi_{n}(t)||D\xi_{n}(t)|, n=1,2,3, \cdots, (5.2)\end{array}$
in $\mathcal{M}$ , a.e. $t\in I$ ;
a.e. $t\in I$ $\frac{D\xi_{\infty}(t)}{|D\xi_{\infty}(t)|}$ $($ resp. $\frac{D\xi_{n}(t)}{|D\xi_{n}(t)|},$ $n\in \mathbb{N})$ Radon $D\xi_{\infty}(t)$ (resp.
$D\xi_{n}(t),$ $n\in \mathbb{N})$ $|D\xi_{\infty}(t)|$ $($ resp. $|D\xi_{n}(t)|,$ $n\in \mathbb{N})$
(5.1), (5.2) [1, Theorem 1.59]
$\lim_{narrow}\inf_{\infty}\int_{\Omega}|\psi_{n}(t)||D\xi_{n}(t)|=\lim_{narrow}\inf_{\infty}$ I $\psi_{n}(t)D\xi_{n}(t)|(\Omega)$
$\geq|\psi_{\infty}(t)D\xi_{\infty}(t)|(\Omega)=\int_{\Omega}|\psi_{\infty}(t)||D\xi_{\infty}(t)|$ , a.e. $t\in I$ .
(III) 3.3 (I) Fatou
(IV) (3.25) (5.1) $F$ $\psi_{\infty}=\gamma_{\infty},$ $\psi_{n}=\gamma_{n}$ ,
$n\in N$ [1, Propositoin 1.62] :
$\lim_{narrow}\inf_{\infty}\gamma_{n}(t)|D\xi_{n}(t)|(W)\geq\gamma_{\infty}(t)|D\xi_{\infty}(t)|(W)$ ,
(5.3)
$\forall W\subset\Omega$ : a.e. $t\in I$ .
$[\gamma_{\infty}|D\xi_{\infty}|]\in \mathcal{M}(I\cross\Omega)$ $[\gamma_{n}|D\xi_{n}|]\in \mathcal{M}(I\cross\Omega),$ $n\in N$ 33 (3.21)
$I\cross\Omega$ Radon (5.3), 33
(II) Fatou :
$\lim_{narrow}\inf_{\infty}[\gamma_{n}|D\xi_{n}|](U)=\lim_{narrow}\inf l\gamma_{n}(t)|D\xi_{n}(t)|(\{x\in\Omega|(t,$ $x)\in U\})dt$
$\geq$ $l \lim_{narrow}\inf_{\infty}\gamma_{n}(t)$ I $D\xi_{n}(t)|(\{x\in\Omega|(t,$ $x)\in U\})dt$
$\geq$ $l\gamma_{\infty}(t)|D\xi_{\infty}(t)|(\{x\in\Omega|(t,$ $x)\in U\})dt=[\gamma_{\infty}|D\xi_{\infty}|](U)$ ,




(3.21) (5.4), (5.5) [1, Proposition 1.80] :
$\lim_{narrow\infty}l_{\cross\Omega}\psi d[\gamma_{n}|D\xi_{n}|]=l_{\cross\Omega}\psi d[\gamma_{\infty}|D\xi_{\infty}|]$ , $\forall\psi\in C(\overline{I\cross\Omega})$ .
(IV) :
$|l \int_{\Omega}\psi_{n}(t)\gamma_{n}(t)|D\xi_{n}(t)|dt-l\int_{\Omega}\psi_{\infty}(t)\gamma_{\infty}(t)|D\xi_{\infty}(t)|dt|$
$\leq$ $| \psi_{n}-\psi_{\infty}|_{C(\overline{I\cross\Omega})}\sup_{n\in \mathbb{N}}[\gamma_{n}|D\xi_{n}|](I\cross\Omega)+|l_{\cross\Omega}\psi_{\infty}d([\gamma_{n}|D\xi_{n}|]-[\gamma_{\infty}|D\xi_{\infty}|])|$
$arrow$ $0$ , as $narrow\infty$ .
$\blacksquare$
35 $\dot{\zeta}\in L^{2}(I;L^{2})$ $|D\dot{\zeta}(\cdot)|(\Omega)\in L^{1}(I)$
Lusin [9, Theorem 2 in Section 1.2] 1
$\{J_{\kappa}|\kappa>0\}\subset 2^{I}$ :
$^{1}(I\backslash J_{\kappa})\leq\kappa,\dot{\zeta}\in C(J_{\kappa};L^{2}),$ $|D\dot{\zeta}(\cdot)|(\Omega)\in C(J_{\kappa})$ ,
$A_{\kappa}:=\sup_{t\in J_{\kappa}}|\dot{\zeta}(t)$ I $L\infty<\infty$ , $\forall\kappa>0$ .
$\{\dot{\xi}_{\kappa}|\kappa>0\}\subset L^{\infty}(\mathbb{R}^{2})$ :
$\dot{\xi}_{\kappa}(t);=\{\begin{array}{l}\dot{\zeta}(t)^{ex} in L^{\infty}(\mathbb{R}), if t\in J.,a.e. t\in \mathbb{R};0 in L^{\infty}(\mathbb{R}), otherwise,\end{array}$
a.e. $t\in I$ $\dot{\zeta}(t)^{ex}\in L^{\infty}(\mathbb{R})$ (2.2) $\zeta(t)\cup\in BV$
$\mathbb{R}$ $\kappa>0$ $\{\psi_{\epsilon}^{(\kappa)}|\epsilon>0\}\subset C^{\infty}(\mathbb{R}^{2})$
:






$\{\begin{array}{l}\dot{\xi}_{!\sigma}arrow\dot{\zeta} in L^{2}(I;L^{2}),as \kappa\searrow 0.\dot{\xi}_{lt}(t)arrow\dot{\zeta}(t) in L^{2}, a e. t\in I,\end{array}$ (5.6)
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$\int_{\Omega}|D\dot{\zeta}(t)|\leq\lim_{\kappa\backslash }\inf_{0}\int_{\mathbb{R}}|D\dot{\xi}_{\kappa}(t)|$, $\sup_{\kappa>0}\int_{\mathbb{R}}|D\dot{\xi}_{\kappa}(t)|\leq\int_{\mathbb{R}}|D\dot{\zeta}(t)^{ex}|=\int_{\Omega}|D\dot{\zeta}(t)|$,
a.e. $t\in I$ ,
Lebesgue :
$l| \int_{\mathbb{R}}|D\xi_{\kappa}($ $)|- \int_{\Omega}|D\zeta(t)||dtarrow 0$ as $\kappa\searrow 0$ . $($ 5.7$)$
mollifier $\kappa>0$ $\{\psi_{\epsilon}^{(\kappa)}|\epsilon>0\}$
:
$|\psi_{\epsilon}^{(\kappa)}(t, x)|\leq\Lambda_{\kappa}$ , $\psi_{\epsilon}^{(\kappa)}(t, x)arrow\dot{\xi}_{\kappa}(t, x)$ ( ) as $\epsilon\searrow 0$,
$\mathscr{Z}^{2}-a.e$ . $(t, x)\in \mathbb{R}^{2}$ .
Lebesgue
$\psi_{\epsilon}^{(\kappa)}arrow\dot{\xi}_{\kappa}$ $in$ $L^{2}(I;L^{2})\mathfrak{X}\mathcal{E}\searrow 0,$ $\forall\kappa>0$ , (5.8)
$\{\begin{array}{l}\psi_{\epsilon}^{(\kappa)}(t)arrow\dot{\xi}_{\kappa}(t) in L^{2} as \epsilon\searrow 0,\lim_{\epsilon\backslash }\inf_{0}\int_{\Omega}|(\psi_{\epsilon}^{(\kappa)})_{x}(t)|dx\geq\int_{\Omega}|D\dot{\xi}_{\kappa}(t)|, a.e. t\in I, \forall\kappa>0.\end{array}$ (5.9)
2 $\kappa>0,$ $\epsilon>0$ , $t\in I$ $\varphi\in$ C
Fubini :
$\int_{\Omega}\psi_{\epsilon}^{(\kappa)}(t, x)\varphi_{x}(x)dx$ $=$ $\int_{\mathbb{R}}\varphi_{x}(x)(\int_{\mathbb{R}}\int_{\mathbb{R}}\rho_{\epsilon}(t-\tau)\rho_{\epsilon}(x-y)\dot{\xi}_{\kappa}(\tau, y)dyd\tau)dx$
$=$ $\int_{\mathbb{N}}\rho_{\epsilon}(t-\tau)\int_{\mathbb{R}}\dot{\xi}_{\kappa}(\tau, y)(\int_{\mathbb{R}}\rho_{\epsilon}(y-x)\varphi_{x}(x)dx)dyd\tau$
$=$ $\int_{\mathbb{R}}\rho_{\epsilon}(t-\tau)\int_{\mathbb{R}}\dot{\xi}_{\kappa}(\tau, y)(\rho_{\epsilon}*\varphi)_{x}(y)dyd\tau$. (5.10)
:
$\varphi\in C_{c}^{1}$ , $|\varphi|_{C(\overline{\Omega})}\leq 1$ $\Rightarrow$ $|\rho_{\epsilon}*\varphi|_{C(\overline{\Omega})}\leq 1$ ; (5.11)
$\int_{\Omega}|(\psi_{\epsilon}^{(\kappa)})_{x}(t)|dx=\sup\{\int_{\Omega}\psi_{\epsilon}^{(\kappa)}(t, x)\tilde{\varphi}_{x}(x)dx|\tilde{\varphi}\in C_{c}^{1},$ $|\tilde{\varphi}|_{C(\overline{\Omega})}\leq 1$ $\}$
$\leq(\sup_{\sigma\in \mathbb{R}}\int_{\mathbb{R}}|D\dot{\xi}_{\kappa}(\sigma)|)(\int_{\mathbb{R}}\rho_{\epsilon}(\tau-t)d\tau)\leq||D\xi(\cdot)|(\Omega)|_{C(J_{\kappa})}$ , (5.12)
$\forall\epsilon>0,$ $\forall t\in I,$ $\forall\kappa>0$ .
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(5.10)-(5.11) 33 :
$\lim_{\epsilon\backslash 0}\sup\int_{\Omega}|(\psi_{\epsilon}^{(\kappa)})_{x}(t)|dx\leq\lim_{\epsilon\backslash 0}\int_{\mathbb{R}}(\rho_{\epsilon}(t-\tau)\int_{\mathbb{R}}|D\dot{\xi}_{\kappa}(\tau)|)d\tau=\int_{\mathbb{R}}|D\dot{\xi}_{\kappa}(t)|$ ,
(5.13)
a.e. $t\in I$ ( $|D\dot{\xi}_{\kappa}(\cdot)|(\mathbb{R})\in L^{1}(I)$ Lebesgue ), $\forall\kappa>0$ .
(5.9), $(5.12)-(5.13)$ Lebesgue
$l|l_{\Omega}|( \psi_{\epsilon}^{(\kappa)})_{x}(t)|dx-\int_{\mathbb{R}}|D\dot{\xi}_{\kappa}(t)||dtarrow 0$ as $\epsilon\searrow 0,$ $\forall\kappa>0$ . (5.14)
$(5.6)-(5.7)$
$\{\kappa_{m}|m=1,2,3, \cdots\}\subset(0,1)$ :
$\{\begin{array}{l}0<\kappa_{m}<\frac{1}{2^{m}}, |\dot{\xi}_{\kappa_{m}}-\dot{\zeta}|_{L^{2}(I;L^{2})}\leq\frac{1}{2^{m}},||D\xi_{\kappa_{m}}(\cdot)|(\Omega)-\cup|D\dot{\zeta}(\cdot)|(\Omega)|_{L^{1}(I)}\leq\frac{1}{2^{m}},\end{array}$ $m=1,2,3,$ $\cdots$ .
(5.8), (5.14) $\{\epsilon_{m}|m=$
$1,2,3,$ $\cdots\}\subset(0,1)$ :





$\{\begin{array}{l}\dot{\psi}_{i}(t)arrow\dot{\zeta}(t) in L^{2}as iarrow\infty, a.e. t\in I.|D\dot{\psi}_{i}(t)|(\Omega)arrow|D\dot{\zeta}(t)|(\Omega),\end{array}$
$\blacksquare$
36 $\nu_{0}\in(0,1),$ $\{\nu_{n}\}\subset(0, \nu_{0}),$ $\{\eta_{n}\}\subset C(\overline{Q_{T}}),$ $\eta\in C(\overline{Q_{T}})$
$(3.10)-(3.15)$ $I\subset(0, T)$ $\hat{\Phi}(\cdot)_{I}$
$\hat{\Phi}_{n}(\cdot)_{I},$ $n\in N$ , (3.19) (3.20) $L^{2}(I;L^{2})$
3.1 $\hat{\Phi}(\cdot)_{I}$ $L^{2}(I;L^{2})$
$\zeta\in D(\hat{\Phi}(\cdot)_{I})$ (A4) $\zeta(t)\in BV$ a.e. $t\in I$
33 (I) :




$(\gamma 1)$ Lemma 3.2 (ml) Fatou
$(\gamma 2)$ $\hat{\zeta}_{\infty}\in D(\hat{\Phi}(\cdot)_{I})$
35 $\hat{\zeta}$ $(3.26)-(3.27)$
$\{\hat{\psi}_{i}\}\subset C^{\infty}(\mathbb{R}^{2})$ $\{\hat{n}_{i}|i=1,2,3, \cdots\}\subset \mathbb{N}$
:
$\hat{n}_{i+i}>\hat{n}_{i}\geq i$ , $\frac{\nu}{2}ll_{\Omega}|(\hat{\psi}_{i})_{x}|^{2}dxdt\leq\frac{1}{i}0<\forall\nu<\nu_{\hat{n}_{i}},$ $i=1,2,3,$ $\cdots$ .
$(\gamma 2)$ $\{\hat{\zeta}_{n}|n=1,2,3, \cdots\}$
:
$\hat{\zeta}_{n}:=\{\begin{array}{l}\hat{\psi}_{i} in L^{2}(I;L^{2}), if \exists i\in N st. \hat{n}_{i}<n\leq\hat{n}_{i+1},\hat{\psi}_{1} in L^{2}(I;L^{2}), if 1\leq n\leq\hat{n}_{1}.\end{array}$
$\{\hat{\zeta}_{n}\}$
$\{\begin{array}{l}\hat{\zeta}_{n}arrow\hat{\zeta}_{\infty} in L^{2}(I;L^{2}),l\int_{\Omega}|(\hat{\zeta}_{n})_{x}(t)|dxdtarrow l\int_{\Omega}|D\hat{\zeta}_{\infty}(t)|dt,\frac{\nu_{n}}{2}ll_{\Omega}|(\hat{\zeta}_{n})_{x}(t)|^{2}dxdtarrow 0,\end{array}$ as $narrow\infty$ , (5.15)
$D\hat{\zeta}_{n}(t)arrow D\hat{\zeta}_{\infty}(t)weakly-*$ in $\mathcal{M}$ , as $narrow\infty$ , a.e. $t\in I$ ,
34 (IV) :
$\{\begin{array}{l}\psi_{\infty}=\alpha(\eta) in C(\overline{I\cross\Omega}), \psi_{n}=\alpha(\eta_{n}) in C(\overline{I\cross\Omega}), n=1,2,3, \cdots,\gamma_{\infty}=\gamma_{n}\equiv 1 on \overline{I\cross\Omega}, n=1,2,3, \cdots,\xi_{\infty}=\hat{\zeta}_{\infty} in L^{2}(I;L^{2}), \xi_{n}=\hat{\zeta}_{n} in L^{2}(I;L^{2}), n=1,2,3, \cdots;\end{array}$
:
$l \int_{\Omega}\alpha(\eta_{n}(t))|(\hat{\zeta}_{n})_{x}(t)|dxdtarrow l\int_{\Omega}\alpha(\eta(t))|D\hat{\zeta}_{\infty}(t)|dt$ as $narrow\infty$ . (5.16)
$(\gamma 2)$ $(5.15)-(5.16)$ $\blacksquare$
3.7 $\{\hat{\theta}_{n}|n=1,2,3, \cdots\}\subset L^{2}(I;H^{1})$
:
$\hat{\theta}_{n}arrow\theta$ in $L^{2}(I;L^{2}),\hat{\Phi}_{n}(\hat{\theta}_{n})_{I}arrow\hat{\Phi}(\theta)_{I}$ , as $narrow\infty$ .
$\{\hat{\theta}_{n}\}$ 36 $(\gamma 2)$ $\hat{\zeta}_{\infty}=\theta\in D(\hat{\Phi}(\cdot)_{I})$
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$\theta_{n},$ $n\in N$ , $\nu=\nu_{n},$ $\eta=\eta_{n},$ $\eta_{0,\nu}=\eta_{0}$
(34) :
$l(\alpha_{0}(\eta_{n}(t))(\theta_{n})_{t}(t), \theta_{n}(t)-\hat{\theta}_{n}(t))_{L^{2}}dt+\hat{\Phi}_{n}(\theta_{n})\leq\hat{\Phi}_{n}(\hat{\theta}_{n})$ , $n=1,2,3,$ $\cdots$ .
$narrow\infty$ (3.16) 36 $(\gamma 1)$
:
$\hat{\Phi}(\theta)_{I}\leq\lim_{narrow}\inf_{\infty}\hat{\Phi}_{n}(\theta_{n})_{I}\leq\lim_{narrow}\sup_{\infty}\hat{\Phi}_{n}(\theta_{n})_{I}\leq\lim_{narrow\infty}\hat{\Phi}_{n}(\hat{\theta}_{n})_{I}=\hat{\Phi}(\theta)_{I}$ . (5.17)
(3.12), (3.14), (3.15), (3.18), (5.17) 3.4 (III) :




$\leq$ $\hat{\Phi}(\theta)_{I}-\hat{\Phi}(\theta)_{I}=0$ . (5.18)
(5.17), (5.18) :
$l \int_{\Omega}\alpha(\eta_{n}(t))|(\theta_{n})_{x}(t)|dxdtarrow l\int_{\Omega}\alpha(\eta(t))|D\theta(t)|dt$ , a$s$ $narrow\infty$ . (5.19)
37 (333) (3.12), (3.14), (3.15), (3.18), (5.19)
34 (IV) :
$\{\begin{array}{l}\gamma_{\infty}=\alpha(\eta) in C(\overline{I\cross\Omega}), \gamma_{n}=\alpha(\eta_{n}) in C(\overline{I\cross\Omega}), n=1,2,3, \cdots,\xi_{\infty}=\theta in L^{2}(I;L^{2}), \xi_{n}=\theta_{n} in L^{2}(I;L^{2}), n=1,2,3, \cdots.\end{array}$
$\blacksquare$
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